Multiple Regression Analysis

@ Motivation

@ Estimation

© Expected Value
© Variance
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Motivation

@ Examples
o Ceteris Paribus: Public vs. Private University

» https://www.youtube.com/watch?v=iPBV3B1V7 jk&list=
PL-uRhZ_p-BM50vNRg-G6hDib270CvcyW8&index=2

@ Interpretation
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Estimation ASSP2s: @u,) =0
E(U|z,x,.  2) = E(w =0
E(2z,0) =0ffE (mw =0
oo [E (e v) =O_J
y =PBo+ Bix1+ Paxa+ ...+ Bexk +u
@ Objective: estimate f3g, (1, ... Bk u= 3 - Fo" P’xv -
ECY=—Po-P,— . - B = 0 Pr 2
E[xl(‘j‘Po-Pyz:‘...“szk)] =0

@ Model with k independent variables

.E[ Ze (4- Po Pz - .- FJLK)] =0
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Estimation (cont.) 9. x — edve
CpeTL > X2 Z, —> expev
o Sample analogs edue; —> %y
@ (Y o - 5Ga)--.. - @y = ©
S0y xin (% = Bo — Bixa — ... — Bow) = O
PS5 (31— Bo— B — .. — Bosw) = O

xjj - observation i for variable x;
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Estimation (cont.)

@ OLS estimates:

e Fitted value: /\
° R?ual \> /\ F + F‘ Ll t FL xbL
h N t... 1+ Fk*‘l'—n

c =YY
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Estimation (cont.)

Example

y (wage) | x1 (educ) | x2 (exper)
3.1 11 2
3.2 12 22
3 11 2
6 8 44
5.3 12 7
8.8 16 9
11 18 15
5 12 5
3.6 12 26
18 17 22
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Estimation (cont.)

~ v v N4
Yy — Bo — B1x1 — Boxo =0
X1y — Box1 — 31(X1)2 — Boxxa =0
X2y — PBoxz — Bixixa — Ba(x2)? = 0
6.742 — By — 12.981 — 15.453, = 0
97.234 — 12.98p — 175.13; — 190.43, = 0
115.064 — 15.4835 — 190.453; — 396.83, = 0

Bo=-12317 [ =1312 [, =0.138
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Estimation (cont.)
Sum[ovg. valve of wesidvals =0

Corvel, Yw Fesidvals &k
Codn exp Io:v'd:wg
Properties of OLS Va’,r“a,blg =0

corvel [ wesidvals % fibbed volve =O

I,,’-‘—@a.c,lr\ Qd’ ::_Z—J;Dg =Y
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Estimation (cont.)

Goodness-of-fit

@ R-squared sop
2
K=ot
| SSR
SST
Non-decreasing in the number of independent variables, kssﬂ
o Adjusted R-squared . ' _ ¢
R2 — N-=k~1 ’

As k1, SSR | but (n— k—1) also |. R2may | or 1 —=1

)
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Expected Value
Y= ?o'l' ,3,7(., +F’-%7— oo F"zh* U .
herice . ft. oge H# BR,

@ Under certain assumptions, the OLS estimators are unbiased so that

weye =P+ B M4e E() = F‘j §=050 K
@ Assumptions + F"CJVL “'Fs xpev t+...+ Fx Lt W

» (MLR.1) Linear in Parameters Voriabiom im

» (MLR.2) Random Sampling ael
~ (MLR.3) No Perfect Collinearity & %—e%rc‘ssa'r
)

~ (MLR.4) Zero Conditional Mean
No livmear

age = 6 +educ +expev  relibimsrip Oammg-
E (U" i, Ko,y %) =O ex plovabry vorrs.
n > K+
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Expected Value (cont.)

Omitted Variable Bias
e Will You Make More Going to a Private University?
» https://www.youtube.com/watch?v=6YrIDhaUQOE

e Population model satisfying the assumptions (MLR.1) to (MLR.4)

y = Bo+ fix1 + Boxz + u
wage = [y + Sreduc + 521Q + u
bweight = 89 + S1smoking + Bralcohol + u

e Omitting a relevant variable Bias J‘MS
OLS esimalor y =00+ Bix1+u m F'L
O‘F F, : hkd\/ wage = o + S1educ + u J

bi J bweight = By + Bismoking +u G
Hase correl Yw
February 7, 2024  12/25


https://www.youtube.com/watch?v=6YrIDhaUQOE

~/
Expected Value (cont.) ‘ ?0 ) F’i

o Fitted values from the regression where x> is omitted ﬂ

¥ =B+ bix ~
W= Bo + P edue
- -~ .
bweight = ’go + P. Swda'm%,./\

NN
o Fitted values from the regression if x, is included —» Fo ) Fz ) Fa.

9 =00+ B+ o A ~ _
Wage = /P;_r ﬁedua 4—’5,_ 18
bwelght:/P\o ‘l_/F\l Snek

/
o Fitted values from the regression of x» on x; +- F,_ &'cd«
X2 ::9 + Slxl ~
1Q = 8,0 "-5| eguc

~/
alcohol = <7
So + g! S'M‘kl"\l\
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Expected Value (cont.) -

o Relationship between 31 and /; ~

o If 31 is estimated with x, omitted

E(Br) = F' + ?"

Bias = F g
@ Bias depends on Bias = 0
-F,_ W comrel b/ z, and %, t{ Fz.= o
~N
o S, =0
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Expected Valug (cont.) .
Y= Pot F@* B %+ fs't_x"@__; f’ﬁx‘,{w

d ¢ b i“P“b\ " et vre

T emv. req , ! )
£ ¢ prices c::f" derivakion

e Additional explanatory variables 1 ':'f con ‘\f"-& "%
@ Other sources of bias '

@ Inclusion of irrelevant regressors 6k mob X, od %

» Exercise caution oLsS Q.S':Iov«.w&bqs
» May affect the variance of OLS estimators Qp /
= Bot P edve + PLIQ + F», exper L F S

disearim. b o Z
MGMSore‘mfmt" ‘l"f_ﬁ S«_C‘;o;‘m §l&SeJ s /

ey M 22 or Y
. —
(e8. caime) x Dy .
Simvulbame( fole e observey
2 thaeshald (e b
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Expected Value (cont.)

e n =500, reps = 500, corr(xy,xp = 0.4), corr(xy, u = 0),
corr(xz, u = 0)
o y=1

1 +Xx2+u

_bIx1]
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Expected Value (cont.)

e n =500, reps = 500, corr(xy, xp = 0.4), corr(xy, u = —0.6),
corr(xz, u = 0.2)
) y:1—|—2X1+X2+U

Density

1.3

ECO 5720
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Expected Value (cont.)

e n =500, reps = 500, corr(xy,xp = 0.4), corr(xy, u = 0),
corr(xz, u = 0.6)

.y:1—|—2X1+X2+U

ol 1.75
_bix1]

1.8
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Variance

o Model
y = Po+ Pix1+ Poxo+ ...+ Bixk +u

e (MLR.5) Homoskedasticity
2

Var(u|x1, xa, ..., Xk) = O-

o Alternatively 2
Var(y|x1, x2, ..., Xk) = 6—

o If Var(ulxi, x2, ..., xx) depends on x; —3 hebﬂToSkeo/M[g': ]
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Variance (cont.)

@ Under Assumptions MLR.1 to MLR.5 (Gauss Markov assumptions)

2
Var(5)) = m

. ssr_Z(z .-'x})

> R2
° Example\ RL ,P‘—-"V\ TEPveSSIon of z on okl«-er

x’s
wage = [y + Sreduc + 51Q + Bzexper -|- u .
N 2 edve
Var(ﬁl) 3

\l?
- ssreduc_Z(educ —ed) SSToy (s, Yedve:

except j =0

» R2

educ*

S RY from €9, of educ. v T& avnd
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Variance (cont.)

° Var(Bj) 1 with o2 and thus may | with additional regressors

° Var(ﬂAj) 1 with §5T; and thus likely to | with n

o Var(f3) 1 with R?

> R? “close” to one - the “problem” of MU‘E!'GO,Ii"‘miE?}

> Rj2 =1 ruled out by dﬁes %Ob‘ v.’olaba
MLR. 2 R3S ?s we4d.

ﬁ'r waﬁSeo‘Meg
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Variance (cont.)

e n = 1000, reps = 500, corr(xi, x2 = 0.4), corr(xq, u = 0),
corr(xz, u = 0)

Oy=1+@+xz+u

wn
-

Density

[m] = =
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Variance (cont.)

e n = 1000, reps = 500, corr(x1, x> = 0.99), corr(xy, u = 0),
corr(xz, u = 0)
o y=1+

1+x2+u
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Variance (cont.)

o Additional thoughts on the incIuEion of irrelevant regressors
> MaytVar(3)  f R i high

> Likely to | Var(3)) »  § low
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Variance (cont. e.
( ) k : # u1l '07384135;0{5 3

n=(k+) im o — e pr SHRC
e Under MLR.1 to MLR.5, 42 is an unbiased estimator of o2 k=1

n

F=(n—k-1)"1> a7
i=1
@ &: standard error of the regression
@ Standard error of each Bj
A o) .
se(B) = except j =0

SSTi(1— RY)
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